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Abstract
In the work The Friedman–Joichi–Stanton Monotonicity Conjecture at Primes, George Andrews
gave a proof of the fact (first mentioned by Jim Propp a while ago) that the q-binomial coefficient[n
k
]
q
divided by the q-integer [n]q is a polynomial in q, as long as n and k are relatively prime (see
[G.E. Andrews, The Friedman–Joichi–Stanton Monotonicity Conjecture at Primes, in: DIMACS Ser.,
Amer. Math. Soc., in press, Theorem 2]). In this note we provide a proof that permits to generalize
Theorem 2 in the case in which n and k are not relatively prime, and further, to extend Theorem 2 to
the q-multinomial coefficient.
 2004 Elsevier Inc. All rights reserved.
Keywords: q-Multinomial coefficient; q-Integer; Multiset; Inversion; Combinatorial proof; Congruence
1. Introduction
A while ago Jim Propp mentioned the fact that the q-binomial coefficient
[
n
k
]
q
divided
by the q-integer [n]q is a polynomial in q , as long as n and k are relatively prime. In
the work [1, Theorem 2], George Andrews gave a proof of this fact and recently, in
the mailing list domino@math.wisc.edu, Ira Gessel mentioned again the problem and
furnished a simpler proof. In this note we provide a proof (in Section 2) that permits to
extend Theorem 2 to q-multinomial coefficients (see Theorem 3.1 in Section 3) as follows:
if gcd(m1, . . . ,mr) = d , then
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[
n
m1,...,mr
]
q
[d]q
[n]q , where mi are positive, 1  i  r , and n =
m1 + · · · + mr is a polynomial in q with non-negative coefficients.
2. The proof
In this section we provide a proof of Theorem 2 that uses some results of [3].
The q-binomial coefficient
[
n
k
]
q
= (q)n
(q)k(q)n−k
=
∑
ciq
i,
where (q)i = (1 − q) · · · (1 − qi−1), has several combinatorial interpretations the most
popular of them is that for fixed n and k, ci is the number of partitions of i into at most k
parts each no larger than n−k. However in the sequel we prefer the following interpretation
in terms of multiset permutation for further generalizations.
Let us consider the permutations of the multiset Xn = {1k2n−k} with respect to the
inversion statistic. We recall that, given a permutation w = w1w2 . . .wn of Xn, the
inversion number of w is defined as inv(w) = |{(i, j): i < j and wi > wj }|. Denoted
by Ih = {w ∈ Xn: inv(w) ≡ h (mod n)}, the following equipartition result holds when
gcd(k, n − k) = gcd(n, k) = 1:
|I0| = |I1| = · · · = |In−1| = 1
n
(
n
k
)
. (1)
A classical MacMahon’s result (see [2, p. 41], [6]) states that
∑
w∈Xn
q inv(w) =
[
n
k
]
q
,
providing a relation between the inversion distribution and the q-binomial coefficient.
Hence, result (1) means that, when gcd(n, k) = 1, the sums of the coefficients of [n
k
]
q
shifted by n positions are equal, that is,
[
n
k
]
q
≡ 1
n
(
n
k
)(
1 + q + · · · + qn−1) (mod qn − 1)
or equivalently,
[
n
k
]
= Q(q)(qn − 1)+ 1
n
(
n
k
)(
1 + q + · · · + qn−1).q
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1 + q + · · · + qn−1 is a polynomial in q :
A(n, k;1) =
[
n
k
]
q
1
[n]q = Q(q)(q − 1)+
1
n
(
n
k
)
.
For instance,
[
11
3
]
q
= 1 + q + 2q2 + 3q3 + 4q4 + 5q5 + 7q6 + 8q7 + 10q8 + 11q9 + 12q10
+ 12q11 + 13q12 + 12q13 + 12q14 + 11q15 + 10q16 + 8q17 + 7q18 + 5q19
+ 4q20 + 3q21 + 2q22 + q23 + q24,
and
[
11
3
]
q
1
[11]q =
(
14 + 14q + 13q2 + 12q3 + 11q4 + 10q5 + 8q6 + 7q7 + 5q8 + 4q9
+ 3q10 + 2q11 + q12 + q13)(q − 1) + 15
= 1 + q2 + q3 + q4 + q5 + 2q6 + q7 + 2q8 + q9 + q10 + q11 + q12 + q14.
The non-negativity of the coefficients of A follows the fact that the coefficients of Q
are non-negative and weakly decreasing (as the example shows), and this, in turn, can
be derived by (1) and by the property of unimodality of the coefficients of [n
k
]
q (see [7] for
a combinatorial proof of the unimodal property).
Indeed let Q(q) =∑biqi , the b coefficients are related to the c coefficients ([nk ]q =∑
ciq
i ) by the formula:
bi =
∑
l1
ci+ln, (2)
with the convention that ci+ln = 0 if i + ln > (n − k)k, but also, as a consequence of (1),
bi = 1
n
(
n
k
)
−
∑
l0
ci−ln (3)
with the convention that ci−ln = 0 if i − ln < 0, i = 0, . . . , (n − k)k − n. The fact that
b coefficients are weakly decreasing can be proved suitably using (2) or (3) and the
unimodality of q-binomial coefficients. In the example, b0 = 15 − c0  15 − c1 = b1,
b1 = 15 − c1  15 − c2 = b2, b2 = 15 − c2  15 − c3 = b3, while b3 = c14  c15 = b4, and
so on.
Notice that contrary to what had been done here, in [1] Andrews derives the non-
negativity of the A’s coefficients from the reciprocity of A.
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This section is devoted to generalize the previous result to the q-multinomial coefficient
[
n
m1, . . . ,mr
]
q
= (q)n
(q)m1 · · · (q)mr
,
where n = m1 + · · · + mr . To this goal, we use the results in [4].
Let us consider the permutations of the multiset Xn = {1m1 . . . rmr } with respect to
the inversion statistic. If Ih denotes the set of permutations of Xn having inversion
number congruent to h modulo n, then the following equipartition result holds, when
gcd(m1, . . . ,mr) = 1:
|I0| = |I1| = · · · = |In−1| = 1
n
(
n
m1,m2, . . . ,mr
)
. (4)
Therefore one can go back over the steps of the proof exhibited in the previous section to
conclude that
• if gcd(m1, . . . ,mr) = 1, then A(n,m1, . . . ,mr ;1) =
[
n
m1,...,mr
]
q
1
[n]q is a polynomial
in q with non-negative coefficients.
Indeed the fact that A(n,m1, . . . ,mr ;1) is a polynomial follows from the equipartition
result and the non-negativity of the coefficients derives additionally by the unimodality of
the q-multinomial coefficient [1, p. 49].
We now consider the case in which gcd(m1, . . . ,mr) = d > 1. In this case A is no more
a polynomial. We are going to show that a polynomial may be obtained multiplying A by
[d]q . Indeed if gcd(m1, . . . ,mr) = d , an analogue result to (4) may be proven (see [4]) by
grouping suitably the sets. Let Ij =⋃d−1h=0 Ih+jd , with 0 j < n/d , then we have:
∣∣I0∣∣= ∣∣I1∣∣= · · · = ∣∣In/d−1∣∣.
Hence |Ij | = dn
(
n
m1,m2,...,mr
)
, where 0  j < n/d . This means that summing up the
coefficients of the q-multinomial coefficient shifted by n is not sufficient to get the result,
but to conclude, it is enough to repeat the procedure for d consecutive coefficients, that is,
multiply by [d]q the quotient obtained dividing the q-multinomial coefficient by [n]q :
[
n
m1, . . . ,mr
]
q
[d]q ≡ d
n
(
n
m1,m2, . . . ,mr
)
[n]q
(
mod qn − 1).
Thus,
A(n,m1, . . . ,mr;d) =
[
n
m , . . . ,m
] [d]q
[n] = Q(q)(q − 1)
d
n
(
n
m ,m , . . . ,m
)
.1 r q q 1 2 r
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[
n
m1,...,mr
]
q
[d]q is a product of unimodal and reciprocal polynomials, it is unimodal.
This is all that we need to carry out the proof.
Theorem 3.1. If gcd(m1, . . . ,mr) = d , then A(n,m1, . . . ,mr ;d) is a polynomial in q with
non-negative coefficients.
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